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λ1(U) = u− a , λ2(U) = u , λ3(U) = u + a
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∂α2ρ2
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∂α2
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+ u © .∇α2 = µ(p2 − p1) (15.5)
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UceU;x0U;^i^brpgb]­`bn
giU;r9xyQﬁ9U0n!xh`q] U;jKdSrph`q] hk^$TdSxyQ.krvgipU0gF¨P(Qehk^$U;r9we^W`in?xn9cS^ahkw!U;gW`bQeUxkrp^i^ahkx0rpå`qnp¥C9U0n!xh`q]p¬Mn9ceU­uegiU;^i^adSgbUTn!w!U0k^
  ¬ D;}e¬ DF  5QeU0giU?U;jKdSrv`bhnpc  D _¨ hk^­giU0uSr9xU;w ¡_]±`bQeUﬁrp^i^adeTu!`ihn9c¯nvWuegiU;^i^adegiU¸U;jKdehh¡egihdeT
p1(ρ1) = p2(ρ2)
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´OnU;pU0gF¬`bQehk^,krp^a`Tn!w!U;Ãrphk^W`in ¡'UQ_]_uU;gb¡'nphxrvcSw.hc.`iQeU^bU;jKdeU;B¬UuegiUU;g$`bnﬁw!U0gihpU B},wehgiU;x`b] ginpT  Dﬁ
hcS^a`bU;r9wnvr9^b^bdeThceruSgbhnpgih|uegbUF^b^bdegiUU;jKdSrvh`q]¡U0`qU;U0c`bQeU`qnueQSr9^aUF^0¨
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©ªc¸`iQeU^bU;jKdeU;B¬`bQSU,Tr`iU0gihrpw!U;gbhr`bhpU,nvr­jKdSrpc9`ih¢`q]
φ
5h¢`iQ giU;^buUFx£`t`in­`iQeU,9U0n_x0h¢`ihUF^
uk
nvmU;r9xyQ¸ueQSr9^aU
k
r9^tU0
r9^`bQeUWhcK`bU0gb¥CÃrpxhkrv|9U0n_x0h¢`q]
u ©
5h¡U$w!U;cenv`iU;w¡_] 
Dkφ
Dt
=
∂φ
∂t
+ uk.∇φ
npg
k = 1, 2
rvcw
k =
©
 DEﬀ
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X^ahce`bQSh^5cSnv`irv`bhnpcM¬_`iQeU$TnpTU;c9`ideT UFjKdSr`ihn9cS^  D e¨ ~ﬀ¦¥  DK¨ ﬀ(rvcSw`bQSUWTr9^b^5x0npcS^bU0gir`ihn9cU;jKdSrv`bhnpcS^ D _¨#D ª¥  D _¨  ¬
h`th^tU;rp^bh]^bU0U;c`iQSr`5`iQeUWpU;n!x0h¢`ihUF^
uk
n9¡U;]­`iQeUnpn5hceU;jKdSrv`bhnpcS^ 
α1ρ1
D1u1
Dt
+∇α1p1 = p © ∇α1 + λ(u2 − u1) (19.1)
α2ρ2
D2u2
Dt
+∇α2p2 = p © ∇α2 − λ(u2 − u1) (19.2)
VOU _`;¬|dS^bhcS`bQeUpn9deTUWgyrpx`bhnpc¸UFj9dr`bhnpc  D e¨É£¬'U,x;rvc¸giU05gih¢`iUW`bQSU,Trp^i^Ox0npcS^bU0gir`bhnpc"UFj9dr`bhnpc^ D_¨#D ¦¥  D_¨  
hc`bU0giT npueQrp^bUweU0cS^bh¢`ihUF^
ρk
decw!U0g5`iQeUnpgiT
α1
D1ρ1
Dt
+ α1ρ1
w!h
u1 = ρ1(u © − u1).∇α1 + µρ1(p2 − p1) (20.1)
α2
D2ρ2
Dt
+ α2ρ2
w!h
u2 = ρ2(u © − u2).∇α2 − µρ2(p2 − p1) (20.2)
ShcSrv]9¬!`bn9U`5`iQeUWU;jKdSrv`bhnpcS^n9g5`bQeUWuSgbUF^b^bdegiU;^
pk
nvU;r9xyQuSQSrp^bUp¬!UW5gbh`bU`iQSr`O^bhcSxU
pk = pk(ρk)
¬!`iQeU0c Dkpk
Dt
=
a2k
Dkρk
Dt
rpcSwUWn9¡!`irphc
α1
D1p1
Dt
+ α1ρ1a
2
1
w!h
u1 = ρ1a
2
1(u
© − u1).∇α1 + µρ1a
2
1(p2 − p1) (21.1)
α2
D2p2
Dt
+ α2ρ2a
2
2
w!h
u2 = ρ2a
2
2(u
© − u2).∇α2 − µρ2a
2
2(p2 − p1) (21.2)
#U`,dS^,^adeTTrvgih®0U`bQeUF^aUgbUF^ade`i^;¨­©ªcµ`iU0giT nv`bQSU­rvgihrp¡eUF^
t(uk, pk, α2)
¬`bQeUh^bnv`iQeU0giTrvåcen9c!¥CUFjKdehh¡egbhdeT&Tn!w!U;
 D (x;rvc¡UW5gih`a`bU;cdScSw!U0gt`bQeU$jKdSr9^ah¥ChceU;rpgn9gbT


α1ρ1
D1u1
Dt
+∇α1p1 = p © ∇α1 + λ(u2 − u1) (22.1)
α2ρ2
D2u2
Dt
+∇α2p2 = p © ∇α2 − λ(u2 − u1) (22.2)
α1
D1p1
Dt
+ α1ρ1a
2
1
w!h
u1 = ρ1a
2
1(u
© − u1).∇α1 + µρ1a
2
1(p2 − p1) (22.3)
α2
D2p2
Dt
+ α2ρ2a
2
2
w!h
u2 = ρ2a
2
2(u
© − u2).∇α2 − µρ2a
2
2(p2 − p1) (22.4)
D © α2
Dt
= µ(p2 − p1) (22.5)
©ªc`bQSU$^aUFj9dSU0C¬!U5hweU0cenp`bU
Ck = ρka
2
k
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η(U ), G(U )
! 4R&% . 4'!"
η = α1ρ1(
u
2
1
2
+ f1(ρ1)) + α2ρ2(
u
2
2
2
+ f2(ρ2))
G(U ) = u1(α1ρ1(
u
2
1
2
+ f1(ρ1)) + α1p1) + u2(α2ρ2(
u
2
2
2
+ f2(ρ2)) + α2p2)
	(
η(U ), G(U )
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∂η
∂t
+ divG ≤ 0
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λ1(U) = u1 − a1
λ2(U) = u1 + a1
, λ3(U) = uI
λ4(U) = u2 − a2
λ5(U) = u2 + a2
B~pﬀ
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λ1(U), λ2(U), λ4(U), λ5(U)
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λ3(U) = uI
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©ªc `bQehk^^aUFx£`bhnpc¬UrpgbU,hcK`bU;gbUF^q`iU;w¸hc^bh`bdSrv`bhnpcS^5QeU0giUW`iQeUgiU0kr erv`bhnpc"`bhTU;^rvgiU,^bTrvx0npTuSrvgiU;w"5h`bQ `bQeUnv`iQeU0gy^
xyQSrpgir9x£`iU0gih^a`bhkx`bhTUF^$np`iQeU­§n rpcSw.w!U0gihpU­r"giU;w!dSx0U;wµTn!w!U0npgW`iQeU;^bU^bh¢`idSr`ihn9cS^;¨"P(Q_dS^$U^bU`
λ = λ0/ε
rpcSw
µ = µ0/ε
5QSU0giU
λ0
rvcw
µ0
rpgbU
O(1)
rvcSw±U"rpcSrv]_®0U`bQeU?x;rp^bU
ε → 0
¨¯P(Qeh^rpcSrv]!^ahk^h^^bhThrpg`bn`bQeU¸n9ceU;^
u'U0gbnpgiTU;w¸hc #DF~mrpcSw  O mrvcSw?dS^aUF^t`iQeU­¾QSrvueTrpc!¥CcS^a¤9np­U0 !uSrvcS^bhnpc¸`iU;xyQecehkjKdeUp¨'S npgt`iQeU^brp¤pU,np^ahTuehx0h¢`q]9¬|`bQehk^
rpcSrv]!^ahk^å5he¡'UOw!n9ceUthc D¥ ,¨ Shgy^q`F¬pUt^aU0`
U = t(u1, u2, p1, p2, α2)
¨åXO^bhce$`bQeU5giU;^bde`i^ånp|urvgyrvpgyrvuSQe¨#Dp¨#D(U55gih`bU
^b]!^q`iU0T C~p~ﬁhc`bQeUn9gbT
∂U
∂t
+ A(U )
∂U
∂x
=
R(U )
ε
B~v 
5QeU;gbU`iQeU
9r9xn9¡ehrpcTr`igbh 
A(U )
hk^(phpU;c¡_] 
A(U ) =


u1 0 1/ρ1 0 (p1 − p © )/(α1ρ1)
0 u2 0 1/ρ2 (p2 − p © )/(α2ρ2)
C1 0 u1 0 C1(u1 − u © )/α1
0 C2 0 u2 C2(u2 − u © )/α2
0 0 0 0 u ©


B~ﬀ
5QehU`bQeU$^bnpdegyxU`bU;gbT
R(U )
QSr9^`bQeUn9n5hcSU0 _uSgbUF^b^bhn9c 
R(U ) =


λ0(u2 − u1)/(α1ρ1)
−λ0(u2 − u1)/(α2ρ2)
µ0C1(p2 − p1)/α1
−µ0C2(p2 − p1)/α2
µ0(p2 − p1)


B~p}ﬀ
P(QeUWUFjKdehh¡egbhdeT2^aU0`
E = {U ∈ IR5; R(U ) = 0}
C~9
hk^tr^aTn_nv`iQTrpceh¢n9w`iQSr`Ox;rvc¡UWuSrpgirpTU`bgih®0U;w¡_]`bQeUWTrpueuehce
M : u ∈ IR5 → U ∈ E
w!U SceU;w¡_]

 u1u2
u3

 =

 up
α2

 −→


u1
u1
u2
u2
u3

 =


u
u
p
p
α2


B~REﬀ
S npgtrvc_]
u = (u, p, α2) ∈ IR
3
¬!`iQeUWhceUFrvgih®;U;w^an9degix0U`bU0giT U;rpdr`bUFwn9c¸rvcU;jKdehh¡egihdeT2^q`yr`iUQrp^`bQSUWU !uegiU;^i^ahnpc
R′(M(u)) =


−λ0/(α1ρ1) λ
0/(α1ρ1) 0 0 0
λ0/(α2ρ2) −λ
0/(α2ρ2) 0 0 0
0 0 −µ0C1/α1 µ
0C01/α1 0
0 0 µ0C2/α2 −µ
0C02/α2 0
0 0 −µ0 µ0 0


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nKn9¤_hcenpgt^bnpd!`ihn9cS^(nv B~vﬀ(xn9^bUO`in`bQeUWUFjKdehh¡egbhdeT Trpceh¢n9w
E
UhcK`bgin_wedSxU`bQSU$rvcS^ir`i®
U = M(u) + εV =


u0
u0
p0
p0
α02

 + ε


u11
u12
p11
p12
α12


Ã9ﬀ
rpcSw hcµrvpgiU0U;TU0cK`5h`bQ`bQeU¾QSrpueTrvc!¥¦mcS^b¤pn9r9^a]_Tu!`bnp`bhkx$`iU;xyQecShjKdeU9¬MUxyQen_n9^bU$`iQeU Sgy^q`b¥Cn9giw!U;gx0npgigbUFx£`ihn9c
V
hc
s5cS 
R′(M(u))
£¬e`iQeU Sgy^q`t^a`bU;uhk^`bQ_dS^5`bnxyQSrvgyrpx`bU0gih®0Ut`iQeUWU0U0TU;c9`y^5nv`bQehk^t^buSrpx0Up¨ Sen9g(`bQehk^5UQSrpU
 · 	 	«
F K8 
	
V = t(u11, u
1
2, p
1
1, p
1
2, α
1
2) ∈ 
 #
R′(M(u))
	( 	 (6 $	K$
w = t(w1, w2) ∈ IR
2
$ 	(,	


u11 = −w1/Y1 (31.1) p
1
1 = −w2C1/α1 (31.3)
u12 = w1/Y2 (31.2) p
1
2 = w2C2/α2 (31.4)
α12 = −w2 (31.5)
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P(QeUU !uegiU;^i^bhn9c B~ROﬀnv`bQeUWhcSU;rvgih®0U;w^an9degyxU`bU0giT ^bQent^`bQSrv`Or,¡rp^bh^(nps5ce 
R′(M(u))
(hk^(phpU;c¡_]`iQeU
`qnpU;x`bn9gi^
I1 =


−1/Y 01
1/Y 02
0
0
0

 ; I
2 =


0
0
−C01/α
0
1
C02/α
0
2
−1


ÃK~
P(Q_dS^(n9gtrvc_]­9U;x£`inpgF¬
V ∈
stce 
R′(M(u))
£¬S`bQeU;gbUWU0 _hk^a`i^
w ∈ IR2
^adxyQ`iQSr`
V = w1I
1 + w2I
2
rvcSw`bQeUWgiU0kr`ihn9cS^
BD n9nW¨
©¦`5giU0TrvhcS^cen `inScw`iQeUU !uegiU;^i^ahnpcnv`iQeUWxn_npgyw!hcSr`iU;^
w
hc`bU0giT npM`bQeUn9giw!U;g
0
rvgihrp¡eU;^
t(u0, p0, α02)
rvcSw
`iQeU0hgOw!U;gbhr`bhpUF^0¨åP(Qehk^(hk^tw!npcSUhc`bQeUn9n5hcegiU;^bde`
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	
V = t(u11, u
1
2, p
1
1, p
1
2, α
1
2) ∈ 
 # 
R′(M(u))
! ﬁ	(

	 !  /	,	K,$3!.4 	54, 3	(
.!	 !	K!$
ur = u
1
2 − u
1
1
,M4
∆p = p12 − p
1
1
	%3	%,++0!ﬂ  # 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K!$!+04 	
λ0ur = ρ
0Y 01 Y
0
2 (
1
ρ01
−
1
ρ02
)
∂p0
∂x
= (Y 02 − α
0
2)
∂p0
∂x
(33.1)
µ0∆p = α01α
0
2
C01 − C
0
2
α01C
0
2 + α
0
2C
0
1
∂u0
∂x
(33.2)
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#MU0`tdS^(hc9`igbn!w!dxU`bQeU$rpcS^ir`b®
U = M(u) + εV
hc^b]!^q`iU0T C~ﬀ¬edeu`bn`bU;gbT^5npn9giw!U;g
O(ε)
Unp¡!`yrvhc
∂M(u)
∂t
+ A(M(u))
∂M(u)
∂x
−R′(M(u)).V = O(ε)
Ãp 
n9g5hc¸w!U;pU0npu'U;wnpgiT
∂u0
∂t
+ u0
∂u0
∂x
+
1
ρ01
∂p0
∂x
−
λ0
α01ρ
0
1
(u12 − u
1
1) = O(ε) (35.1)
∂u0
∂t
+ u0
∂u0
∂x
+
1
ρ02
∂p0
∂x
−
λ0
α02ρ
0
2
(u11 − u
2
k) = O(ε) (35.2)
∂p0
∂t
+ u0
∂p0
∂x
+ C01
∂u0
∂x
−
µ0C01
α01
(p12 − p
1
1) = O(ε) (35.3)
∂p0
∂t
+ u0
∂p0
∂x
+ C02
∂u0
∂x
−
µ0C02
α02
(p11 − p
1
2) = O(ε) (35.4)
∂α02
∂t
+ u0
∂α02
∂x
− µ0(p12 − p
1
1) = O(ε) (35.5)
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α02ρ
0
2
¬ Ã !¨  O¡K]
α01ρ
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V ∈
s5ce
(R′(M(u)))
   ¼ Z ¼ << ¼
; F #F  
" 	 *	 ) $BB!46%
O(ε)
	 /	,	K,$
V ∈ 
 #
(R′(M(u)))
! #R

!


u11 = −Y
0
2 ur (36.1) p
1
1 = −α
0
2
C1
C
∆p (36.3)
u12 = Y
0
1 ur (36.2) p
1
2 = α
0
2
C2
C
∆p (36.4)
α12 = −
α01α
0
2
C
∆p (36.5)
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ε2
¨©¦`$rvuSuUFrvgy^O`iQSr`n9g`bQehk^
uedSgbu'n9^bUp¬_`iQeUdS^aUnp`bQSUx0npcS^bU0gir`ih9UOrvgihrp¡eU;^
t(α0kρ
0
k, ρ
0u0, ρ0e0, α02)
h^(Tn9gbUrvueuSgbn9uegbhkr`iUp¨P(Q_dS^(xnpc^ahkw!U0gihce,`iQeU
UFj9dr`bhnpc^ D £¬eUU !uSrvcwUFrpxyQrpgbhkrv¡SU
f
hcK`bnrTU;rpcuSrpga`trpcSwr gi^a`a¥¦npgyw!U0g(xn9gbgiU;x`bhnpc
f = f0 + εf1
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ε
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ρ0 =
∑2
k=1 α
0
kρ
0
k
`bQeUTh _`bdegiUweU0cS^bh¢`q]9¨P(QeU(w!U0`irvhk^Mnv!`iQeU(xnpTuede`ir`ihn9cS^
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∂
∂t
(ρ0kY
0
k ) +
∂
∂x
(ρ0kY
0
k u
0)− ε
∂
∂x
(χ(τ0k − τ
′0
k )
∂p
∂x
) = O(ε2)
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ρ1k
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ρk = ρk(pk)
U$w!U;wedSxU`bQr`
ρk(p + p
1
k) = ρk(p) +

a2k
p1k
`iQeU0c
ρ1k = p
1
k/a
2
k
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∂
∂t
(α0kρ
0
k) +
∂
∂x
(α0kρ
0
ku
0) = ε
∂
∂x
(
(ρ0Y 01 Y
0
2 )
2
λ0
(
1
ρ0k
−
1
ρ′0k
)
∂p0
∂x
)
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χ =
(ρ0Y 01 Y
0
2 )
2
λ0
5h`bQ`bQSU$w!UScSh¢`ihn9c
τk = 1/ρk
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Jk
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Jk =
(ρ0Y 01 Y
0
2 )
2
λ0
(
1
ρ0k
−
1
ρ′0k
)
∂p0
∂x
=
(Y 01 Y
0
2 )(α
0
1α
0
2)
λ0
(ρ′0k − ρ
0
k)
∂p0
∂x
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∂
∂t
(ρ0u0) +
∂
∂x
(ρ0(u0)2 + p0)− ε
∂
∂x
(µ
∂u0
∂x
) = 0
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Shgy^a`;¬SUWgiU0Trvgi¤`bQr`t`iQeUW`bnp`irpTnpTU0cK`ideT hk^tdSu"`bn`bU;gbT^Onvånpgyw!U0g
O(ε2)
U;jKdSrpÕ`bnh¢`y^O¥¦npgyw!U;g(rpueuegin !h¢¥
Tr`ihn9cM¨mP(Qehk^(h^OrwehgiU;x`5x0npcS^bU;jKdeU;cSxUnp ÃDp¨#D ª¥ BDv¨É~rvcw BDp¨ ﬀr9^(UQSr9U
2∑
k=1
αkρkuk =
2∑
k=1
(αkρk)
0u0 + ε[(αkρk)
1u0 + (αkρk)
0u1k] +O(ε
2)
P(Q_dS^;¬_`bnn9¡!`irphc`bQeUWTh _`bdegiUTn9TU0cK`bdeT U;jKdSrv`bhnpcM¬!UW^adeT `bQeU`qnTnpTU0cK`bdST U;jKdSrv`bhnpcS^5rpcSwn9¡!`irphc
∂
∂t
(ρ0u0) +
∂
∂x
(ρ0(u0)2 + p0)+
+ε
∂
∂x
(
2∑
k=1
α0kp
1
k) + ε
∂
∂x
(
2∑
k=1
α1kp
0) = O(ε2)
Kﬀ
[_hcSx0U
α11 + α
1
2 = 0
U cSrv]np¡!`yrvhc 
∂
∂t
(ρ0u0) +
∂
∂x
(ρ0(u0)2 + p0) + ε
∂
∂x
(
2∑
k=1
α0kp
1
k) = O(ε
2)
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µ =
(C02 − C
0
1 )
2
µ0(
C02
α02
+
C01
α01
)2
=
(α01α
0
2)
2
µ0
(
1
C02
−
1
C01
)2[ρ0(aˆ2)]2
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∂
∂t
(α01ρ
0
1) +
∂
∂x
(α01ρ
0
1u
0)− ε
∂
∂x
J1 = 0 (42.1)
∂
∂t
(α02ρ
0
2) +
∂
∂x
(α02ρ
0
2u
0)− ε
∂
∂x
J2 = 0 (42.2)
∂
∂t
(ρ0u0) +
∂
∂x
(ρ0(u0)2 + p0)− ε
∂
∂x
(
µ
∂u0
∂x
)
= 0 (42.3)
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pk = ρka
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k = 1, 2
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hk^,r xnpc^q`yrvcK`;¨ S npgweUSceh`bU;ceU;^i^0¬U­5hrp^i^adeTU­5h`bQ²cen?n9^i^Wnv
9U0ceU;girph`q]p¬K`bQr`
a2 > a1
¨  h`bQ`bQeUF^aUU;n9^;¬9`iQeU_h^ixnK^ah`q]K¥Ch¤9U5`bU;gbT hc`bQeUTnpTU;c9`ideT U;jKdSrv`bhnpcw!h^irvuSuUFrvgy^rpcSw­`iQeU
^b]!^q`iU0T ÃK~ﬁgiU;wedSxUF^`bn`bQeUWTn!w!U; Ã}  
∂
∂t
(ρ) +
∂
∂x
(ρu) = 0 (44.1)
∂
∂t
(ρY ) +
∂
∂x
(ρY u)− ε
∂
∂x
(ρY (1− Y )ur) = 0 (44.2)
∂
∂t
(ρu) +
∂
∂x
(ρ(u)2 + p) = 0 (44.3)
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ur
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ur = (Y − α)
∂p
∂x
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U(t, x)
hk^5r,`igir9U0hcS(rpU^an9de`bhnpcnv Ãp h¢
Dp¨5P(QeU0giUU !hk^q`y^5rgiU;rp
s
rvcwrn9ceU¥¦uSrvgyrvTU0`bU0gdecSx`bhnpc
Uˆ(ξ)
^bdSxyQ`bQr`
U(t, x) = Uˆ(x− st)
~!¨5P(QeU0giUU !hk^q`(`qn^a`irv`bUpUFx£`inpgy^
UL
rpcSw
UR
^bdSxyQ`bQSrv`
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
limξ→−∞ Uˆ(ξ) = UL (46.1)
limξ→−∞ Uˆ
′(ξ) = 0 (46.2)
limξ→+∞ Uˆ(ξ) = UR (46.3)
limξ→+∞ Uˆ
′(ξ) = 0 (46.4)
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(F (Uˆ ))′ − sUˆ ′ = (D(Uˆ)Uˆ ′)′
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ξ = −∞
rvcw
ξ = ∞
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ρR(uR − s) = ρL(uL − s) (48.1)
YRρR(uR − s) = YLρL(uL − s) (48.2)
uRρR(uR − s) + pR = uLρL(uL − s) + pL (48.3)
#U`WdS^Ww!U SceU
M = ρR(uR − s) = ρL(uL − s)
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M 6= 0
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D(Uˆ)Uˆ ′ = F (Uˆ)− F (UˆR)− s(Uˆ − UˆR)
 Oﬀ
^bdSxyQ`bQSrv`
Uˆ → UˆL
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ξ → −∞
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ρ(ξ)(u(ξ) − s) = M =
 !$	 ,	
(50.1)
M2(τR − τ(ξ)) + pR − p(ξ) = 0 (50.2)
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τ = 1/ρ
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limξ→+∞ U(ξ) = UR
limξ→+∞ U
′(ξ) = 0
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z = p− pR
Y (1− Y )(α − Y )z′ = τ
z(M2τR − pR − z)
M(a22 − a
1
1)
(51)
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τ = τR −
z
M2
(52.1)
u = uR −
z
M
(52.2)
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Y (z) = YR +
z(M2τR − pR − z)
M2(a22 − a
2
1)
(53.1)
α(z) =
a22Y (z)
τ(z)(pR + z)
(53.2)
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pτ − a21
(a22 − a
2
1)
=
p(M2τR + pR − p)−M
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